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SUMMARY

Onthebaaisoflinearized-supersonic-flowtheory,thelateralforce
andyawingmomentdueto combinedangleofattackandrollinghavebeen
evaluatedforfamiliesofthinsweptbacktaperedwingswithstreamwise
tips. Equationswerederivedforwingsthatarecontainedbetweenthe
Machconesspringingfromthewingapexandfromthetrailingedgeofthe
rootsection,thatis,wingswithsubsonicleadingedgesandsupersonic
trailingedges.Somecalculations,basedontheseequations,areincluded
forgroupsofwingswithsubsonictrailingedges.

Designchartsarepresentedwliichpermitestimationofthestability
derivativesCy and C

%
forgivenvaluesofMachnumber,aspectratio,

P
taperratio,andleading-edgesweep.Someillustrativevariationsofthe

‘ derivativeswiththeseparametersarealsoincluded.Allnumericaldata
arepresentedrelativetoa body-axessystemwithmomentstakenaboutthe

“ wingapex. Forconveniencein application,‘formulasaregivenfortrans-
formingfromthissystemto a stability-axessystemwithmomentst&en
aboutauarbitrarypoint.

INTRODUCTION “

A numberofpapersdealingwiththetheoretical.calculationsof
stabilityderivativesat supersonicspeedshavebeenpublishedto date.
Wingplanformsthathavebeentreatedindetailincludetherectangular,
trapezoid&L,andtriangularwingsaudmodifiedformsofthetriangular
wing. (See,forexample,references1 to 10.) An importantgroupof
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2 NACATN 2122 n“

planformsforwhichonlya fewoftheBtabilityderivativeshavebeen
investigatedconsistsofsweptbackwingswithstreamwisetips.

,,
Thelift-

curveslopecLa andthedsmping-in-ro13derivative%p havebeen

calculatedforstreamwise-ti’pwingsandsrepresentedinreferences11 and
12. Otherpaperspresentingcalculationsforthisgroupofplanforms
includereferences13to 15.

Thepresentpapertreatsthelateralforceandyawingmomentdueto
combinedangleofattackandroliingat supersonicspeedsforsweptback
taperedwingswithstreamt%isetipsandsubsonicleadingedges.’(Anedge
istermed“subsonic”ifthestresm-flowcomponentnormalto theedgeis
subsonic,andistermed“supersonic”ifthenormalcomponentis super-
sonic.) Theanslysisisbaaedonan applicationoflinearizedtheoryand
isthereforesubjectto alltheusualrestrictionsandlimitations.It
is appropriatetopointoutthatthedegreeofapplicabilityofthese
derivativesto actuslfull-scalewingsmaybe somewhatuncertainforthe
reaaons(relativeto suction-forceevaluation)pointedoutinreference4
fortriangularwings.

Resultsaregivenintheformofgeneralizedequationsforthe
stabilityderivativesCy and C

%
togetherwitha seriesofdesign

P
curvesfromwhichestimatesofthederivativescanbemadeforgiven ●

valuesofaspectratio,taperratio,Machnumber,andleading-edgesweep.
Forillustrativepurposes,variationsofthederivativeswiththese
parametersforspecificwingconfigurationsarealsopresented.

“

SYMBOLS
I

XY Y

v

‘n

‘n

a

p,r

N

Mn

v

Cartesiancoordinatesofan arbitrsrypoint

flightspeed

in&ucedvelocitynormalto edge

perpendiculardistsncefromedge

angleofattack

angularvelocitiesaboutx- sndz-axes,respectively

stresmMachnumber.

Machnumberof flowcomponentnormalto anedge

Machangle

u
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B

F

Y

L!

N

A

m. Bcot A

‘r

h

1.

b

s

A

u)

Cz

%’

Cn
o

cotangentofMachangle(R)

suctionforce

lateralforce

rollingmoment

yawingmoment

sweepbackangle

rootchord

ofleadingedge

distancefromwingapextomomentreference,rootchords

taperratio(ratiooftipchordto rootchord)

wingspan

wingarea

(&ectratio A=@=
s

geometricpartieterof

velocitypotential

densityofair

\

( 2cr
wing u=—

b

[)L’ -rolling-momentcoefficient
&V%b

lateral-force

yawing-moment

()Ycoefficient—
p%

coefficient

()

N
$V%b

4mcotA =
AB(l+X))
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()af.2z
Czp = ~

2VP~ >0
2V

.()acnc%==
2Vrb;*O

k=~=

E(J=) , “completeelliptici@eg&l

“(/7F1-m2 completeellipticintegral

I(m)=

J(m)=

2(1- m2)

E(/’iz7)

—— —.

ofsecondkindwithmodulusk

of firstkindwithmodulusk

m’l?(fii)

—..
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Subscripts:

5

“

.

1,2 referto leadingedgeandtip,respectively

a~P refertolift.mdroll,respectively

a momentstakenaboutwinga“pex
.

R,L refertorightandleftedges,respectively

Allanglesaremeasuredinradians.
.

‘9 ANALYSIS

scope

Thebasicsweptbackwingsconsideredinthepresent~paperare
sketchedin figure1. Thesewingshav~subsonicleadingedgesand
supersonictrailingedges;anaddedrestrictionisthattheMachlines
,emanatingfromthewingtipsmaynotintersectontheting.Equations
arederivedhereinforthelateralforceandyawingmomentdueto com-
binedangleofattackandro13ingspecificallyforplanformssatisfying
theselimitations..Theseequationsareutilizedinextendingtherange
of computationsto includesomeplanformswithsubsonictrailingedges.
Applicationandinterpretationoftheresultsaresubjectto theinherent
restrictionsandlimitationsofthelinearized-thin-airfoiltheoryof
su~ersonicflow.“

Theorientationofthewingwithrespectto a bodysystemof coordi-
nateaxesusedintheanalysisis indicatedin figure2(a).Thesurface
velocitypotentialsusedhereinandtheexpressionsforthestability
derivativesarederivedwithrespectto thissystem.Allcalculations
forthederivatives& and C. are?x?esentedrelativetothissame—

systemof
wingapex
formation
pointand
(Seefig.

‘P %’
bodyaxes.Forconvenience,themomentsaretakenaboutthe
andareconsideredpositiveforclockwiserotation.Trans-
equationsarepresentedformomentstakenaboutanarbitrary
alsoforconvertingthederivativesto a stability-axessystem.
2(b)fororientationofstabilityaxes.).,

BasicConsiderations

Thelateralforceandyawingmamentdueto rollingrelativetobody
axesfora verythinwingwithoutdihedr~ariseentirelyfromsuction
forcesonthewingedges.Forthegeneralplanformunderconsideration,

.—. _ ..-. _.c —— -— ——— —-.. --—. ——. . - — -— ..- —— --——- — . . . ..—.—— -—— -— -



6 NACATN 2122 r
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thesesuctionforcesarealongtheleadingedgeandwingtipandmaybe .
evaluatedby applyinga methodsuggestedinreference16 forincompressi-
bleflowandmodifiedforcompressibilityeffectsinreference3. Thus,
iftheln~cedsurfacevelocitynormalto sadintheimmediatevicinity
of a subsonicedgeisexpressedas

.

(Vn) +G
Sn+O = - K (1)

mere ~ istheperpen@mlardistancefromtheedgesnd G isa
constant,thereresultsa suctionforceperunitlengthofedge

(2)

where ~ istheMachnumberofthestreamcomponentnormalto theedge.

An expressionforthesuctionforceperunitlengthofleadingedge
Fl whichisdirectlyapplicableto thesubsonicleadingedgeofthewing
underconsiderationherein(seefig.
and fS as fo~ows

1)maybe obtained

wheretheplussignistobeusedfortherightleading
signfortheleftleadingedge.

An expressionforthesuctionforcealongthewing

fromreference4 .

(3)

edgeandthemim.u

tipsmst nowbe
derived.Considertheinducedsurfacevelocitynormalto thestreamwise
tipofa wingrollingwithan initialangleofattack.,Thisvelocityis

wherethesubscript2 refersto thetip,thesubscriptsa and p

(4)

denoteliftandroll,respectively,md @ isthelinearizedvelocity
potential.Forstreamwise-tipwingswithsubsmicleadingedgesand

u

.

-.—.—. —. —— —-— .– ——– ————



I?ACATN 2122 7

supersonictrailingedges,equationsforthepotentials(p)a and (p)p
me derivedinreferenceM. Thesepotentialswerebasedonan approxi.
mationtotheexactlinearizedsolution(seereferenceU) andrendered
resultsthereinthatwerein goodagreementwithcomputationsbasedon
a moreexactanalysis.It appearsreasonableto assume,therefore,that
forpurposesofthepresentinvestigationtheuseofthese
willleadtoresultsthatareofsatisfactoryaccuracy.

Thepotentials(validforthewingregionbetweenthe
thetipMachline)me as follows:

potentiiils

righttipand

(5)

(Q)P=P@[~B(2m+ 1)+bB(m+l) - ~]
(By+ mx)(b-2y) (6)

3?El + m)li13/2

Correspondingexpressionsfortheleftwing-tipregionwe obtainedby
replacingy by -y inequations(5)and(6)sndnmltiplyingtherQht-
handsideofeqyation(6) by thequantity-1. Inasmuchas (p). is.
symmetricalmd (q)p

u
antisymmetricalwithrespecttothex-axisit is

sufficienttoworkwiththerighthalf-wing(equations(5)and(6))and
usetheappropriatesi~ forthelefthalf-wing.

Differentiationwithrespectto y yields

o3= -Va@

r

2mx+kBy-bB
ay a 1“$-/(By+mx)(b- 2Y)

(7)

L -1

and

()h P@
37P= (By+mx)(b- 2y)-

3YCEl + m)Bf13/2

[(~B2m+l)+bB(m+ l)-

——- -— -—— -—..——. —.— —–—.——. —_. . ——. ..— ..



8 NACATN 2122

Substitutionofequations(7)and(8)inequation(4)smdevaluation
oftheresultantexpressionfor Vn intheimmediatevicinityofthetip

()
{‘n2l’l+=-&-i‘v:>=

wheretheplussignistobeusedforthe
fortheleftedge.

,.

1+p(3mbB+ 2bB - 2nx)~=
3q@ E(1 + mjJ3’2

rightedgeandtheminus

)
(9)

sign

Equation(9) is seento-havethesameformas
therefore,thesuctionforceperunitlengthalong
obtainedfromequation(2). Fora stresmwisetip,

equation(1)and,
thewingtipmaybe
~=0 andthe

,

.

suctionforceisexpressibleas .
0

[

P(m-t~) 4.2=2~ @Tap(3mbB+ 2%B- ~)
F2 = +

2i13(l+m) 3B(1+m)
.1- 1p2(@bB+“2bB- 2mx)2

9B2(1+ m)2

(lo)

In equation(10)onlytheterm’

2Vap(3mbB+ 2bB- 2mx)p(Bb+ 2mx)
*

3fi2(l+ m)2

willgiveriseto a lateralforceanda yawingmoment;theforcesmd
momentareobtainedby integratingthistermalongthewingtips.
Inasmch
b’oththe
termsto

astheotherterm-ofe~ation(10)havethesamesignfor
leftandtherightwingtips,thenetcontributionofthese
thelateralforceandyawingmomentofthewingwillbe zero.,

-,

.

——. _ _ ——— ____ __ --—-.—. .
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NACATN 2122 9

Applicationsofequations(3)and’”(10)tothederi~ationofthe
stabilityderivativesCy and C

%
aregiveninthefollowingsections.

P

StabilityDerivativeCy
P

Thelateralcmnponentofthesuctionforcealongtheleadingedge
is expressibleas follows(seereference4):

Y,.ptm’@,,R- F,,J3X

x%x

= -$b3paVp(tanA)
I(m)(l- m2

?. m

(u)

wherethesubscriptsR and L refertotherightedgeandleftedge,
respectively.Thelateralforcecoefficientis formedbyditisionby

~% sqdthederivative

derivativeCy . Thus
P

—..— —... ——— — _.— —— .-. .—z .-.——_ ._. ___ .-.—. —____ —.l .—. ...—
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.

Thelateralforcedueto t~esuctionalongthetipsis

‘2 = J(TiP P‘2,R- ‘2,L

q 1+A4D)4pVap=
r

33d32(l+m)2b~~
(@bB + 2bB- m)(bB + 2mx)dx

pVapb3B&.=
[
12(3ID

9fi2(l+m)%

Convertingto derivativeform
h yields

(12)

1+ 1) + 3b(3m- 1)- 2kw (13)
B

intermsoftheparametersm, AB,and .

0%P 64x

[

3(3m+ l)[m(l+ XJJ2+ 3km(3m-

}

1)[’@(l+ l.)]- @.2m2—=
a2 9YC(1+ x) [(ABl+A)(l+mj12

d J

(14)

Thederivativeforthecompletewingis obtained
givenby equations(12)and(14),thatis,

by addingthecomponents

(15)

.

.— —.— —.. -.
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Theexpressionsfor

u

thederivativeCy havebeenderivedrelative
P

to a systemofbodyaxes.Additionaltermsarisingfroma transfcmmation
to atability axesresult,$nnegligiblechangesinthederivativeforsmall,
anglesofattack.Thederivative,therefore,maybe consideredsatisfactory
foreithersystemofaxes.

*

,StabilityDerivativeC
‘%

Theyawingmomentofthele~g-edge suctionaboutthewingapexis
expressibleas (seereferencek)

(The

%= -ttmA(%,.-‘J+C2A)XM

I(m)~~
= .&paVpb4(sec2A)

●

.(~,n)
(16)

minussi~ forthe”mcmentindicatescounterclockwiserotation.)

Theyawing-momentcoefficientis formedbyUvisionby ~%b and

()
thederivativewithrespectto @ isthestabilityderivativeCn .

2’V@+o P

Thus
.

t%)l: (+;:ib
g+

-—.——- .--— —.-.-— -..—— ._. _ ..——._ _____ ____
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F?-)la=+2y2+*)J’.’
(17)

Theyawingmomentdueto me suctionforcealongthetipsis

HN*a = .

TiP J‘2,R- ‘2, x &

bB
4pVap

F

l+?w)
=. (3mbB+ 2bB- -)(bB + 21UX)X dx

3x&(l +m)2 bB/2m
●

p~apb4B4Xm

[
24(w+ 1)-I-ti(~+ 9) - JLJJ(3k2u?+ 8W - 6j

‘-361TB2(I+ .)%2

● (18)

Couvertingto derivativeformintermsofthe~arsmetersm, AB, .B,
.

and X yields

(-)Cnp 3m=-.
{

3(3 + l)[AB(l+ q3 +
a 2a 9mn(l+ m)2(l+ X)[@l + 1.jJ3

31JA(I+ 9.][M(1+X)]2+8.2A2(3.-2)[~(1 + L)]- 24rn3x3
}

.

Thederivativeforthecompletewingis obtained
givenby equations(17)and(19),thatis,

J

(19)

by addingthecomponents

@)a=(%)la+(92a(20) ‘

.

.—. —— — —. —. ——. —
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NACATN 2122 13

()TheexpressionsforthederivativeC
%a

havebeenderived -

relativeto a systemofbodyaxeswithmomentstakenaboutthewingapex.
To transformthemomentreferenceto anarbitrarypointlocatedat a
distancefromthewingapexequalto h (measuredinrootchords)the
followingequationmaybeused:

Cti=(5J‘ ‘+CYP ‘

or forthewingsconsideredherein

1.\ ’2h.

(Theplussignistobeusedwhenthenew
rearwardofthewingapex,theminussigq
aheadofthewinga~ex=) -

Theexpressionfor C
%

givenin

utilizedintransformingto thesystem

denotesthederivativerelati;etothe

x) ‘P

referencepointis
whenthereference

(21)

located
pointis

equation(21.)maybe further

ofstabilityaxes. IfC’
%

stabilitysystemand C. the
‘P

quantitygivenby equation(21),thefollowingrelationshipwillrender
excellentaccuracyforsmallanglesofattack:.

c%’=cnP- at% - c+)
(22)

Inasnmchaathepresentpapertreatsonlythederivatives~ and C
P %’

estimatesofthedamping-in-rollderivativeCZ
P

andthedamping-in-yaw

derivativeC%? fistbe obtainedfromothersources.Valuesof Cz
P

forthewingsconsideredheretimaybe readilyobtainedfromreference
CorrespondingcalculationsforthestabilityderivativeCnr are

unavailable,butthecontributionofthistermrelativeto Cz is
P

smallformostpracticalplanformsandthusinayusuallybe neglected

Il.

-. .- ——-— —-— _.— _— _ . .. ——. —i—_. -—__ . . . _
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inequation(22)withoutintroducinga significanterrorinthevalue .
ofthederivative

c%’”
Forwingsofverylowaspectratio,however,

c%-isappreciablesndshouldnotbe neglected.

RESULTSANDDISCUSSION

‘ince‘he ~ctionsa=), I(m),and J(m) appearinthederi-
vationofthestabilityderivatives,variationsof these functionswiththe
psrameterm arepresentedin figure3 forconvenienceinapplyingthe
finaleqyations.

As statedpreviously,theequationswerederivedforwingswith
subsonicleadingedgesandsupersonictrailingedges.Forconfigurations
wherethetrailingedgeis “slightly”subsonic,thederivedequations
maybeusedtoyieldroughestimatesofthederivativesalthoughthe
effectofthesubsonictrailingedgehasbeenneglected.Forconditions
wherethetrailing-edgeMachliueintersectsthetip.,thatis,

——— _

Ml +X)
4+ BA(l+X)

<B cotA< BA(l+ k)
EA(l+h) + 4(1- h)

.

.

theerrorintroducedbyneglectingthesubsonic-edgeeffectislessthan
theerrorforconditionswherethe“Machlineintersectstheleadingedge,
thatis,

BcotA<’
M(I +kj

k+~(l +x)

Theerrormaybe quiteappreciableformanycombinationsofMachnumber
andplan-formparameters.Accordingly,extremecautionshouldbe exer-
cisedin interpretingtheroughestimatesobtainedforsubsonic-trailing-
edgeplanforms.

T “q-chartcalculations(computedfromequation(15))forthe
derivativeCy arepresentedin figure4 intermsoftheparametersAB,

P
B cotA, and ?u.Dashedboundarylinesme drawnto indicateregionsof ~
differenttrailing-edgeconditionswhereverfeasible(i.e.,figs.4(b)
to 4(e)).Insanuchas a singlecurvewassufficienttopresentresults

.

.

— —. -———. .——
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. for L = O (fig.u(a)),boundarylinescouldnotbe indicated(since
theyarea functionoftheparameterAB). Forconvenience,themathe-
maticalrelationshipgoveqingtheedgeconditionispresentedinthe
figure. .

Design-chartcalculationsforthederivativeC
%

relativetobody
.

axeswithmomentst~en aboutthewing’apexwe presentedin figures5 ‘
and6. Forconvenienceofpresentation,thederivedexpressionfor CL

()
P

(equation(20) ) hssbeensubdividedintothreecomponentsCn_ ,

(13.13c%,and
()c%~both
thecomponent

ponents,that

\ –P/~

() Figure5 presentsthecomponents
C%?ti” . ()C%d ‘d

ofwhichsreindependentoftaperratio;figure6 presents

()c% ~.
Thederivativeis obtainedby summingthecom-

is,

(23)

.
As withthechartsfor Cyp,eitherdashedboundarylinesormathematical

relationshipsareincludedq thefiguresto indicateregionsofdifferent
trailing-edgeconditions.It isnotedthatfigure6 doesnotinclude

( Q
curvesfor k = O;thecomponentC is zeroforallwingsof X . 0

ac
andhencemaybe disregardedinequation(23).

SomeillustrativevariationsofthederivativeswithMachnumber,
aspectratio,taperratio,andleading-edgesweepbackarepresentedin
figures7 and8. Thederivativesareonceaga$mpresentedrelativeto
bodyaxeswithmomentstakenaboutthewingapex.Cautionmustbe exer-
cisedinfiterpretingthesevariations,however,inasmchastheresults
andtrendstilldependonthesystemofaxesused,thepointaboutwhich
momentsaretaken,andthespecificplanformunderconsideration.

Thedatapresentedinthedesignchartsandillustrativevariations
maybe transformedto a stability-axessystemwithmomentstskenabout
an arbitrarypointbyuseofequations(21)and(22).

. ,

— . . ..—. —--—. —...—- .-...— ——. —.. _ . ———.— —--——.. — ..-. .—-—- -
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CONCLUDINGREMARKS .

Onthebasisofthelinearizedtheoryforsupersonicflow,the
lateralforceandyawingmomentdueto combinedangleofattackand
rollinghavebeenevaluatedforsomefamiliesofswepkbacktayered
wingswithstresmwisetiysandsubsonicleadingedges.

Resultsofthesmalysisarepresentedintheformofdesigncharts
whichlermitestimationofthestabilityderivativesCy and Cn .

Y 2
Someillustrativevariationsofthederivativeswithaspectratio,taper
ratio,Machnumber,andleading-edgesweeparealsoyresented.All
numericaldataarepresentedrelativeto a body-axessystemwithmoments
takenaboutthewingayex.Forconvenienceinapplication,formu@sare
givenfortraqsformingfromthissystemto a stability-axessystemwith
momentstakenaboutan arbitrarypoint.

LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

LangleyAirForceBase,Va.,April12,1950
.
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